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Abstract 



We construct the N = 1 supersymmetric extension of double field theory for D = 10, 
including the coupling to an arbitrary number n of abelian vector multiplets. This 
theory features a local 0(1,9 + n) x 0(1,9) tangent space symmetry under which the 
fermions transform. It is shown that the supersymmetry transformations close into the 
generalized diffeomorphisms of double field theory. 



1 Introduction 



Double field theory is an approach to make the T-duahty group 0{D, D) a manifest symmetry 
of the massless sector of string theory by doubhng the D space-time coordinates [IHl]. (See 
[5Vl23j for earher work and further developments.) Thus, for D = 10 the theory features a 
global 0(10, 10) symmetry and depends formally on 20 coordinates, but consistency requires 
an 0(10, 10) invariant constraint that locally removes the dependence on half of the coordinates. 
Here we will construct the N = 1 supersymmetric extension of double field theory for D = 10. 

Naively, one may suspect that such a construction is impossible, for there simply are no 
supersymmetric theories beyond eleven dimensions. The aforementioned constraint, however, 
makes the supersymmetric extension feasible, because for every solution of the constraint, locally 
the fields depend only on ten coordinates. 

The formulation of double field theory that is most useful for our present purpose is the 
frame or vielbein formulation. The double field theory can be written in terms of the generalized 
metric 

\bik9 ■' 9ij - OikQ bijj 



that takes values in 0(10, 10) and combines the space-time metric gij and the Kalb-Ramond 
bij. 



2-form bij. As usual, we may introduce frame fields Em^ and write 



TImN = Em^ En^ VAB , VAB = I I , (1.2 




where r] denotes the standard Minkowski metric, and we have split the fiat or frame indices 
as A = (a, a). Consequently, in the frame formulation there is an 0(1, 9)l x 0{1,9)r 'tangent 
space' gauge symmetry, with a,b . . . = 0, . . . , 9 and a,b . . . = 0, . . . , 9 denoting 0(1, 9)^ and 
0(1,9)_R vector indices, respectively. Such a frame formalism has been developed by Siegel 
prior to the generalized metric formulation [5]. Actually, Siegel's formalism allows also for the 
larger tangent space group GL{D) x GL{D), but here we will restrict to the Lorentz subgroups 
in order to be able to define the corresponding spinor representations. In this formalism one may 
introduce connections for the local frame symmetry and construct invariant curvatures. This, 
in turn, allows one to write an Einstein-Hilbert like action based on a generalized curvature 
scalar TZ, which provides an equivalent definition of double field theory, 

S = J d^^xd^°xe-^'^n{E,d) , (1.3) 

where we defined e"^*^ = ■s/ge~'^'^ . In the frame formulation the theory has a global 0(10, 10) 
symmetry, a 0(1, 9)^ x 0(1, 9)r gauge invariance and a 'generalized diffeomorphism' symmetry. 

In this paper we will introduce fermions that, as usual in supergravity, are scalars under 
(generalized) diffeomorphisms and 0(10, 10), but which transform under the local tangent space 
group 0(1,9)l X 0(1, 9)i?. The fermionic sector of supergravity is thereby rewritten in a way 
that enlarges the local Lorentz group. Similar attempts have in fact a long history, going back 
to the work of de Wit and Nicolai in the mid 80's, in which they showed that 11-dimensional 
supergravity can be reformulated such that it permits an enhanced tangent space symmetry [24]. 
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More recently, a very interesting paper appeared which showed in the context of generahzed 
geometry that type II supergravity can be reformulated such that it permits a doubled Lorentz 
group [25] , as in double field theory, and our results are closely related (see also [18] ) . 

We will introduce a gravitino field that is a spinor under 0(1, 9)/? and a vector under 
0(1, 9)^;,, together with a dilatino p, that is a spinor under 0(1, 9)/?. The minimally supersym- 
metric extension of (jl.Sp can then be written as 

Sm=i = J d'^x d^Of e-^'^ (n{E, d) - ^''-f^Vi^a + Pl^V-aP + 2^'"Vap) . (1.4) 

Here, the 7" are ten-dimensional gamma matrices, which have to be thought of as gamma 
matrices of 0(l,9)/j, so that all suppressed spinor indices in (jl.3p are 0(1,9)/? spinor indices. 
Moreover, the covariant derivatives V are with respect to the connections introduced by Siegel 
[5], and therefore the action is manifestly 0(1,9)/, x 0(l,9)/j invariant. 

We will show that (jl.4p . up to field redefinitions, reduces precisely to the standard minimal 
N = 1 action in ten dimensions. In this paper we will not consider higher-order fermi terms. 
Formally, (jl.4p is contained in the results of [25] through the straightforward truncation from 
N = 2 to N = 1. The main difference between generalized geometry, which was the starting 
point in [25J, and double field theory is that in the former the coordinates are not doubled 
but only the tangent space. Consequently, in generalized geometry only the tangent space 
symmetry is enhanced, while double field theory features also a global 0{D,D) symmetry. 
With the fermions being singlets under 0{D,D), this symmetry is somewhat trivially realized 
on the fermionic sector, and therefore our results for the minimal M = 1 theory are largely 
contained in those of generalized geometry given in [25]. In the spirit of double field theory, 
however, it is reassuring to verify closure of the supersymmetry transformations into generalized 
diffeomorphisms and super symmetric invariance of p.4p . both modulo the 0{D,D) invariant 
constraint. This will be done in sec. 2 of this paper. 

As the main new result, we will present in sec. 3 the double field theory extension of = 1 
supergravity in D = 10 coupled to an arbitrary number n of (abelian) vector multiplets. For 
n = 16 this is the low-energy effective action of heterotic superstring theory truncated to the 
Cartan subalgebra of 50(32) or Eg x Eg. As has been shown in [9], the coupling of gauge vectors 
Aj" can be neatly described by enlarging the generalized metric (jl.ip to an 0(10 + n, 10) matrix 
that naturally contains the In the frame formulation this theory features, in addition, 

a 0(1,9 + n) X 0(1,9) tangent space symmetry. The fermionic fields will still be spinors 
under 0(1,9), but ^' a is now a vector under 0(1,9 + n). Remarkably, it turns out that the 
same action (|1.4p . but written with respect to these enlarged fields, reproduces precisely the 

= 1 supergravity coupled to abelian vector multiplets, with the gauginos originating from 
the additional components of the ^a- 

Let us finally mention that in the work of Siegel the construction proceeds immediately in 
M = 1 superspace [5j. Therefore, our results on the J\f = 1 theory, including the coupling to 
vector multiplets, must be related to the construction of Siegel, but we have not been daring 
enough to attempt an explicit verification. 

Note added: After the submission of the first version of this paper to the arxiv, j 26j appeared, 
which overlaps with our section 2. 
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2 Minimal A/" = 1 Double Field Theory for L> = 10 



In this section we introduce the minimal J\f = 1 theory. First, we review the vielbein formalism 
with local 0(1, 9)l x 0(1, 9)r symmetry. Second, we introduce the Af = I double field theory 
and prove its supersymmetric invariance. In the third subsection we verify that it reduces to 
conventional M = 1 supergravity upon setting the new derivatives to zero. 

2.1 Vielbein formulation with local 0(1,9) x 0(1,9) symmetry 

We start by reviewing some generalities on the vielbein formulation of double field theory, which 
is contained in Siegel's frame formalism [3]. We refer to [7j for a self-contained presentation 
of this formulation. The fundamental bosonic fields are the frame field Ea^^ and the dilaton 
d that depend both on doubled coordinates = (xj,^*). The frame field is subject to 
local 0(1, 9)l X 0(l,9)j? transformations acting on the index A = {a, a) and global 0(10, 10) 
transformations acting on the index M, which read infinitesimally 

SEa''' = k^NEA^+AA''{X)EB^'' , k G 0(10,10) , A{X) e o(l, 9)^00(1, 9)jj , (2.1) 

where the parameters take values in the respective Lie algebras. The double field theory is 
invariant under a 'generalized diffeomorphism' symmetry parameterized by = that 
combines the 6-field 1-form gauge parameter with the vector-valued diffeomorphism param- 
eter ^\ 

S^Ea"" = C^Ea'' = ed^EA'' + [d'^iM - dNe')EA'' . (2.2) 

Here, Om = (i9*,9j) are the doubled partial derivatives. The right-hand side of (j2.2p defines a 
generalized Lie derivative that can similarly be defined for an 0{D, D) tensor with an arbitrary 
number of upper and lower indices. On the dilaton d these gauge transformations read 

kd = i^dMd - ^^mC"^ . (2.3) 
The gauge transformations close and leave the action invariant modulo the 'strong constraint' 

v'^'^dudN = , ^"""^ = (° ' (2-4) 

when acting on arbitrary fields and parameters and all their products. Here, ryMiV denotes 
the 0(10, 10) invariant metric, which will be used to raise and lower 0(10, 10) indices. This 
constraint implies that locally all fields depend only on half of the coordinates, for instance only 
on the X*. 

We have to impose covariant constraints on the frame field in order to describe only the 
physical degrees of freedom. These constraints are written in terms of the tangent space metric 

Gab = Ea^'Eb^vmn , (2.5) 

resulting from the 0(10, 10) invariant metric rj, and which will be used to raise and lower flat 
indices. We require the 0(1, 9)^ x 0(l,9)/j covariant constraints 

= : Gab = Vab , Gab = -^ab ■ (2-6) 
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Note that the relative minus sign entering here is necessary due to the (10, 10) signature of 
Qab- It is a matter of convention to which metric we assign the minus sign, but once the choice 
is made the symmetry between unbarred and barred indices is broken. Since flat indices are 
raised and lowered with Qab, (|2.6p leads to some unconventional signs when comparing below 
to standard expressions for, say, the spin connection. We will comment on this in due course. 

A particular solution of these constraints, giving rise to the generalized metric (jl.ip accord- 
ing to (|1.2p . is given by 

E," = (f' f\ = ^('-^'f', . (2.7) 

\Eai E-a' V2 \-eia + bijCa^ Ca' I 



where e is the vielbein of the conventional metric, g = erje^ . We stress that when writing (|2.7p 
the tangent space symmetry is gauge-fixed to the diagonal subgroup of 0{1,9)l x 0(1,9)/j, 
as is clear from the fact that e carries in ()2.7p both unbarred and barred indices. In order to 
define the supersymmetric double field theory, however, (|2.7p is never used. Rather, we view 
the (constrained) vielbein E^^^ as the fundamental field and so the construction is manifestly 
invariant under two copies of the local Lorentz group. It is only when comparing to the standard 
formulation of supergravity that we have to use (j2.7p and to partially gauge -fixQ 

Let us now turn to the definition of connections and covariant derivatives. We first note 
that the partial derivative of a field S that transforms as a scalar under , i.e., 

6^S = e'dMS , (2.8) 

transforms covariantly with a generalized Lie derivative [7j. This does not hold for higher 
tensors, which in turn necessitates the introduction of covariant derivatives. Given the frame 
field E,-, we introduce .he 'fiattened- partial derivativfi 

Ea s V2£4*'8m. (2,9) 

We can then introduce 0(1, 9)^ x 0(l,9)/j covariant derivatives 

VaVb = EaVb + ^AB^Vc , VaF^ = EaV" - loac^'V^ , (2.10) 
where we stress that the only non-trivial connections are coAb^ and ojj^f^^. 

Next, we briefly summarize which connection components can be determined in terms of 
Ea^^ and d upon imposing covariant constraints. First, in order to be compatible with the 
constancy of the tangent space metric Qab, the symmetric part u}a(bc), where indices have 
been lowered with Q, is zero. Thus, ujabc is antisymmetric in its last two indices. Second, we 
can impose a generalized torsion constraint, which reads 

TabC = ^ABC + -i^lABC] = ) (2-11) 
where we introduced the 'generalized coefficients of anholonomy' 

^ABC = 'if[ABC] > Iabc = {EaEb'^^)Ecm ■ (2-12) 



^This differs from the construction in [25] and |16II18| . where two independent vielbein fields are introduced, 
one transforming under 0(1,9)l and one transforming under 0{1,9)r. 

^Here we introduced a factor of y/2 for later convenience. With the constraints on the connections to be 
imposed below, the covariant derivatives Va given here are V2 times the covariant derivatives in [7]. 
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We note that /abc is antisymmetric in its last two indices as a consequence of the constancy 
of Gab- Speciahzing the constraint (j2.1ip to Tgj,c = and Tate = 0, we derive the following 
solution for the 'off-diagonal' components 

^abc = -^abc > '^abc = -^abc ■ (2-13) 



For later use let us determine these connection components for the gauge choice (j2.7p of the 
frame field, setting 9* = 0. We compute with (|2.12p 

fabc = ea'e^i^diejc] + ^ea'c^'^ec^ dibjk , fiac = eie^a^diCjc) + ^ei'e/es^ dibjk , (2.14) 
from which we derive 



<^abc = -^a-b-c(^) + TjeaVs'ec'^iifc , (2.15) 



1 

— ( 

2 

where oj^ denotes the standard Levi-Civita spin connection expressed in terms of the vielbein, 



^abci^) = (^[aeifdiejc-e^iecfdiCja + eic'eafdieji. (2.16) 

Similarly, one finds 

Wabc = w^fec(e) + ^Habc , (2.17) 



where we fiattened the indices of H as va. ^ 



For the 'diagonal' components, having either only unbarred or barred indices, the totally 
antisymmetric parts are determined by (I2.1ip as follows 

^[abc\ = -^^[afcc] = -f[abc] ; ^[abc] = ~^^[abc] = ~f[abc] ■ (2-18) 

Again, we may determine these connections for the gauge choice ()2.7p and 5' = 0. One finds, 

^[abc] = ^fa6c](e) + ^^abc , ^[afec] = -^[^a6c] + ^-^abc ' (2-19) 

where we fiattened the indices on H. 

The torsion constraint leaves the mixed Young tableaux representation in Uabc and oj^i^ 
undetermined, but its trace part can be fixed by imposing a covariant constraint that allows 
for partial integration in presence of the dilaton density, 

c-^'^VVaV^ = - J c-^'^V^VaV , (2.20) 

for arbitrary V and V^. This implies 



^ - -n^^ -V2e'^dM{EA''e-"') , (2.21) 



where we introduced Qa for later use. Note that this determines precisely uoba'^ and ioi^'', because 
the last two indices cannot be mixed. 



^We note that the relative sign between LJalc ^-nd ^abc l|^-15p is due to the fact that we lower barred indices 
with Q^i = —rj^jj, see eq. (|2.6p . while in the standard expression (|2.16p for the spin connection the index is lowered 
with rj^i. Correspondingly, there is no relative sign in (|2.17|l because here indices are lowered with Qab = Vab- 
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Finally, we can introduce an invariant scalar curvature and Ricci tensor. In the frame 
formalism there is an invariant curvature tensor TZabcd, but it is generally not a function of 
the determined connections only. For the derived curvature scalar and Ricci tensor, however, it 
depends only on the determined connections. Without repeating the details of the construction, 
we give the explicit expressions. 

The scalar curvature can be defined as the trace over, say, barred indices as follows 

= 2Ea^"- + ^0,- 2^abc ~ Q^[abc] > 

where we have written in the second line the explicit expression in terms of Q and thereby in 
terms of the physical fields. The Ricci tensor reads 

7^,-, = E,u;,f-EaU;-a,' + u;s'u;-^''-u;Ju;J. (2.23) 

These curvature invariants can be obtained by variation of the (bosonic) double field theory 
action. In order to see this it is convenient to introduce the variation 

AEab := Eb^'SEam , (2.24) 

which is antisymmetric in ^, i? as a consequence of the constancy of Gab- Under the local 
0(1, 9)l X 0(1,9)/? this variation reads AEab = ^ab and AE^^ = A^^. Thus, only the off- 
diagonal variation is not pure-gauge and the corresponding general variation of the action (jl.3p 
can be written in terms of the curvatures as ^ 

*S = -2/....e-(M^ + AE„,,^-), (2.25, 

which will be used below. 



2.2 TV = 1 Double Field Theory 

We give now the M = 1 supersymmetric extension of double field theory in the frame formulation 
reviewed above. The fermionic fields are the 'gravitino' tpa and the 'dilatino' p, and we will 
later see how they are related to the conventional gravitino and dilatino via a field redefinition. 
These fields are scalars under 0(10, 10) and generalized diffeomorphisms and, together with the 
= 1 supersymmetry parameter e, transform under the local 0(1,9)^ x 0(l,9)/j^ as follows 

'■ vector of 0(1, 9)l , spinor of 0{1,9)r , 

p : spinor of 0{1,9)r , (2.26) 

e : spinor of 0(l,9)j? . 

The M = 1 supersymmetric extension of ()1.3p is given by (jl.4p , 

Sm=i = f dxdi e-^'^ {n{E, d) - ^""^^Vi^a + P7~^V-aP + 2^"Vap) , (2.27) 
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where all covariant derivatives are with respect to the connections introduced above. We will 
see below that in here and in the supersymmetry rules all undetermined connections drop out. 
When acting on 0{1,9)r spinors the covariant derivatives are given by 

Va = E,- , V-a = E^- . (2.28) 

We observe that ()2.27p is manifestly 0(1, 9)^ x 0(1, 9)/j invariant, because unbarred and barred 
indices are properly contracted, and the are gamma matrices of 0(1, 9)^?, so that all sup- 
pressed spinor indices belong to 0(l,9)/j. More precisely, we define the 7"^ to satisfy 

{7^7^} = -2^"^ = 277^\ (2.29) 

where the signs are such that the j"" can be chosen to be conventional gamma matrices in 
ten dimensions. We note that, according to our convention, on 7^ the index is lowered with 
= — r^aft so that it differs from the conventional ten-dimensional gamma matrix with a lower 
index by a sign. Similarly, the minus signs in ()2.28p are due to the lowering of indices on uj^i^ 
with G^i. Let us finally stress that the assignment (12.260 of 0(1, 9)l x 0(1, 9)_r representations 
is related to the constraint ()2.6p . We could have chosen the opposite signatures for Gab and 
Gab, but then supersymmetry would require the gravitino to be a vector under 0(l,9)/j and a 
spinor under 0(1, 9 )l. 

The action ()2.27p is manifestly invariant under generalized diffeomorphisms, 



(2.30) 



because with the fermions transforming as scalars the (flattened) derivatives in (j2.27p transform 
covariantly. In addition, the action is invariant under the J\f = 1 supersymmetry transforma- 
tions [25] 

^.E^l = -fTb^a , M = -\ep , ^^^^^^ 

Here, we have written the transformation of the frame field in terms of the variation (j2.24p . 
Due to the 0(1, 9)l x 0(1, 9)ji gauge freedom, we can assume for the diagonal supersymmetry 
variations A^^Eat = A^E^i = 0. 

Let us now verify that ()2.27p is invariant under ()2.3ip . again up to higher-order fermi terms. 
We start with the variation of the bosonic part, which can be obtained directly by inserting the 
fermionic supersymmetry rules of (I2.3ip into (I2.25p . 

e^U.CB = ^epTZ + eTb'^a'R''^ (2.32) 

where we denoted the bosonic Lagrangian by £b- Denoting the fermionic part similarly by Cp, 
one finds 

e^'^ d.Cp = -2^''-f''V-,Vae + 2p^~^V-a (7^56) + 2V'^e V„/5 + 2^''Va (I'V-.e) 

(2.33) 

= -2#« [7V5, V„] e + 2p {-/'^V-aj'V-, - V^Va) e . 
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Here we have used that according to (j2.20p the covariant derivatives allow us to freely partially 
integrate in presence of the dilaton density. Moreover, in the second line we have combined the 
first and last and the second and third term. We can now use the identities 



(2.34) 

which will be proved in the appendix, to see that this cancels precisely the variation (j2.32p of 
the bosonic term, proving super symmetric invariance. 

We turn now to the closure of the supersymmetry transformations. Since these are an 
invariance of the action (|2.27|) they must close into the other local symmetries of the theory, 
which are generalized diffeomorphisms and the doubled local Lorentz transformations 0(1, 9)l x 
0(1, 9)/j. It is instructive, however, to investigate this explicitly, and so we verify in the following 
closure on the bosonic fields. For the dilaton we compute 

[<5,„<5,,]d = l(e-i7^V,62-e-27"V,ei) = lz,^--{E-a -\u:-,j,,^^-')e2 - {I ^ 2) . (2.35) 
Let us work out the first term in here, 

^ei7^i?ae2 - (1 ^ 2) = ^^ei-f'^E-a'" dMe2 - [l ^ 2) = -L^E-a^' duilxi'e^) . (2.36) 
using ei7"e2 = — e27'^ei- For the second term we compute 

- ^'^.5c-e-i7^^'e2 -(1^2) = -la;,5,6-i(7^^^" - 2g^[Vl),, -(1^2). (2.37) 

The first term in here vanishes due to the antisymmetrization in (1 o 2) and Z\^°^'^e2 = €2l°'^'^^i- 
The second term gives with ()2.2ip 

-^wsc"ei7'e2 = ^{dME^^ -2E^^'dMd)-ei-fh2. (2.38) 

The first term in here combines with (|2.36p to give ■^^dM{Ec^eij'^e2)- The second term takes 
the form of a transport term so that we have shown in total 

[6,„6,,]d = ^^'^dMd-^dM^^ , = -^E-J'-ei^\2. (2.39) 

Thus, the supersymmetry transformations close into generalized diffeomorphisms, as required. 
Next, we verify closure on Ea^'^ ■ We compute 

[5,,,5,,]EaM = d,,{EM''EB''6,,EaN) "(1^2) 

1 (2.40) 

= 6,, {EM'^e.E^l) -(1^2) = --6,, {EM''e2jc'fa) - (1 o 2) , 

where we used that we can set A^Eab = by an appropriate 0(1, 9)^ transformation, and we 
relabeled an index in the last equality. In order to disentangle the generalized diffeomorphisms 
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and local 0(1, 9)^ x 0(1,9) ji transformations we project (j2.40p by multiplying with Ej^^ and 
, respectively. For the first we obtain 

Ej,^'[6,„6,,]EaM = -^^/'^M%75Vaei - (1 ^ 2) 

(2.41) 

= -^e2%{V2Ea''dN - J^a5j7'">i "(1^2), 

where we used that only the variation of is non-trivial as a consequence of A^S^j; = 0. The 
first term in here reads 

- l={e2rbdNei - eirbdNe2)Ea'' = -^%(e-i75e2) ii^a"^ • (2.42) 

For the second term we use as above that the 7*-^^ structure drops due to the antisymmetrization 
in (1 -H- 2). The remaining structure proportional to 7(1) is then automatically antisymmetric 
in (1 f-)- 2) and thus reads 

-^w„5je2 56Vei = ^u;^b-c^ij%. (2.43) 
The spin connection is given by 



UJ 



abc 



= V2{Ea''E-,''dKEsN-Ei''dKE,^EaN-E,''E-,^dKEaN) ■ (2.44) 



Inserting this into (j2.43p and combining with (I2.42p we obtain in total 

E-,^' [6,, , S,,] EaM = E-,^ i^^dNE^M + {dM^^ - d^^M)EaN) , (2.45) 

where 

= -l=E-a^'-e,j\2, (2.46) 

is the same parameter as in (j2.39p . 

Next, we turn to the other projection, 

Eb^' [6,, , 6,,] EaM = -^Eb'''6,, Em~' e27c-^a -(1^2) 



2 

^ /\,^Eb-ce2i^^a-{l^2) = ^(ei7c^[a)(e27'^6]) • 



(2.47) 
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The last term is antisymmetric in a, h and can thus be interpreted as a field-dependent 0(1, 9)^, 
gauge transformation. Here we would have expected also a generalized diffeomorphism with 
parameter (j2.46p . but for this particular projection such a term can actually be absorbed into 
an 0(1, 9)i gauge transformation. To show this it suffices to note that by definition (|2.2p 

Eb'^^S^EaM = Eb^^ dNEaM — 29A/CAf-E'[a*^-E'b] ^ , (2.48) 

is antisymmetric in a, h. Thus, equivalently, (|2.47p closes into the required generalized diffeo- 
morphisms and into local 0(1,9)l transformations with parameter 

Kb = \ (ei7c-^[a) (e27'^b]) + ^E^a^'dNE^M + 2dMiNE^a^" E^"" , (2.49) 
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with given by (j2.46p . In total, combining (j2.45p and (|2.47p . we have verified closure, 



[(^ei, '^eaj-E'aM = ^^EaM + -^a^ Ef,M , (2.50) 

with parameters given by (j2.46p and (j2.49p . The verification for EaM is completely analogous. 
In particular, the corresponding 0(1, 9)r parameter is given by 

As5 = ^(ei7[a^^) (e275]^c) + e^^ii^i/^^TV^felM + 2dMCNE[^^Ej,f . (2.51) 

In general, the supersymmetry transformations close according to 

[6,„6,,] = 6^ + 6a + 6j^, (2.52) 

with ^ given by (|2.46p . A by (|2.49p and A by (|2.5ip . We finally note that even though we 
have not employed the field equations for the above computation, in general the gauge algebra 
(j2.52p will only hold on-shell. In fact, without auxiliary fields supersymmetry transformations 
close on the fermions only modulo their field equations. In contrast, for the bosons the field 
equations do not enter on dimensional grounds, because they are second-order in derivatives. 



2.3 Reduction to standard J\f = 1 supergravity 

Let us now verify that the action (|2.27p and the supersymmetry rules (|2.3ip reduce to the 
conventional J\f = I supergravity in D = 10 upon setting 9* = 0. As discussed above, this 
comparison requires a partial gauge fixing of the local 0(1, 9)^ x 0(1, 9)r to the diagonal 
subgroup. We can then write the frame field as in (j2.7p in terms of bij and the conventional 
vielbein ej". In the following we will show that the conventional M = 1 theory is related to the 
action following from (|2.27p by a field redefinition. 

We start by recalling minimal J\f = 1, D = 10 supergravity in the string frame. The field 
content is given by 

{ei" , bij , (p , ipi , X) , (2.53) 
where the fermionic fields are the gravitino ipi and the dilatino A. The action read^ 



S = / A 6 6-2-^ 



- i)^-i'^^D,ijk + 2i^\di(t>)^^i;j - 2Af AA - M^(l))-i'X (2.54) 



where Hijk = 2>d^ibj^ and e = det [ei""). Here, we denoted the covariant derivatives with respect 
to the standard torsion-free Levi-Civita connection by Di in order to distinguish them from 
the covariant derivatives V with respect to Siegel's connections. If a non-trivial connection, 
say cj, is used this will be indicated explicitly as Di{ijj). We stress that the spin connection 
defining the Ricci scalar and thus the Einstein-Hilbert term is also the conventional torsion-free 
connection rather than the super-covariant one. We will not take into account terms higher 



*This form of the supergravity action is i times the one obtained from eq. (10) of [27] by performing the 
redefinitions (/)~2 — >• e""*, A — >• v^A, Fijk — >■ ^^Hijk, Bij — >■ -^hj. 
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order in fermions. Up to this order, the super symmetry transformations leaving ()2.54p invariant 
read 



= Ae - ll^me + ^(t.'''" " 95.S"")fffc;.ne , (2.55) 

Next, we perform some field redefinitions that are necessary in order to compare with the 
double field theory variables [25] . 

^^ = i^i- ^7^X , p = - A = f^i + 4A . (2.56) 

Moreover, as usual we introduce the T-duality invariant dilaton e~'^'^ = e e"^"^. Written in terms 
of these variables, the action (j2.54p reads 

S = [ d^'^xe-^'' [(^R + id'<pd,<P - ^H'^^Hijk) - ¥yD,^j + 2¥D,p 

'' (2.57) 
+ p^'Dip + -¥$^i - -^p$p + ]^Hijk¥^^¥ + -^HijkPl'^^ 

where ijl = ^ j^^^Hijf^. This is the final form of the action that is suitable for the comparison 
with double field theory. The supersymmetry variations written in terms of (j2.56p are 

Sed = -\ep , (2.58) 



5e-^i = Di{uj)e , 



5,p = YD,e-^H,^kf^'e-me, 
where we introduced a redefinition of the Levi-Civita spin connection lo^, 

l^abc = l^abc - 2^abc , (2.59) 

because this is the combination that appears naturally in double field theory, see (|2.15p . 

Let us now return to the double field theory action and supersymmetry transformations 
()2.27p and (I2.3ip . We first observe that the kinetic terms in (12.270 and (I2.57P agree, upon 
converting flat into curved indices. We will show next that the extra terms in the action ()2.57p 
and the supersymmetry rules ()2.58p as compared to double field theory are precisely reproduced 
by the non-trivial connections inside the covariant derivatives in double field theory. 
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We start with the supersymmetry transformations. First we note that the variation of ipi 
agrees with the double field theory variation (j2.3ip . because (|2.59p coincides with (j2.15p . Next, 
consider the variation of the dilatino p in ()2.3ip . which reads 

SeP = 7'V,6 = j^E,-\u;,^,^'')e. (2.60) 
We can now work out the connection term in here, 

^abc^ J = '^abcU -y ^ +y 7j = ^[abc]l + 2Wab 7 , (2-61) 

where we used that u is antisymmetric in its last two indices. Insertion into (|2.60p then yields 

5,p = {^-^E, - ^u;[,fc]7'"'' - l^-ai'l')e . (2.62) 

We see that only the totally antisymmetric and trace parts of the connections enter, which 
in turn are fully determined by the constraints. This observation, which has first been made 
in [25] . will be used repeatedly below. Inserting now ()2.19p and (I2.2ip for these determined 
connections we can rewrite (I2.60p as 

6,p = YAe - ^Hi,k7''''e - {0<P)e , (2.63) 

which agrees with the required supersymmetry variation of p in (|2.58p . Thus, we have shown 
that the supersymmetry variations of the fermions in double field theory reproduce the trans- 
formations required by = 1 supergravity. For the supersymmetry variations of the bosonic 
fields consistency with double field theory is manifest for the dilaton d, while for the metric and 
6-field a short computation is required: variation of (j2.7p yields 

AeE^l = ei'6eeia + ej6eeii-^ejei^ebij = -^CTb^a ■ (2.64) 

Due to the relative sign in the contraction of barred indices discussed after eq. ()2.29p we 
have to identify 7j = —Ci^^a- Projecting (j2.64p onto its antisymmetric part we then read 
off Sfhij = e7[j^'j], in precise agreement with (|2.58p . In addition, the symmetric projection of 
(j2.64p determines the symmetric part of the supersymmetry variation eb^SeSia- Its antisymmet- 
ric part is undetermined, as it should be, because this freedom reflects the diagonal local Lorentz 
group that is left unbroken by the gauge-fixed form (j2.7p . It is then easy to see that, up to 
these local Lorentz transformations, (j2.64p yields d^ei"" as in (|2.58p . In total, the supersymmetry 
transformations of double field theory reduce precisely to (j2.58p . 

We turn now to the action. Similarly to the discussion of the supersymmetry transformations 
it is easy to see that all connections are determined and that writing them out in terms of the 
Levi-Civita connection reproduces the if-dependent terms in ()2.57p . 

Let us start with the covariant derivative in the first fermionic term in ()2.27p . which acts 
on '^a as an 0(l,9)ij spinor and as an 0(1,9)l vector, i.e., 

- ^'^i'Vi^a = -^'^7'(i?S*a - \u;-,,r/''^^a + C^j/^c) • (2.65) 
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As in (j2.63p . the terms combine into —^^j^Di^^j and while a d-dependent term drops 

out as a consequence of ^'■'7*^'^ = 0. The last term in (|2.65p gives in addition to the standard 
spin connection an extra contribution, 

--^Vt^s/^, = + = -^V4a'^*c+^i^.5c'^'V*% (2.66) 

reproducing the term \Hijk'^'^^^'^^ in (j2.57p . 

Next, we consider the kinetic term of p which as in ()2.63p reduces to 

Pl^V-aP = pYD.p - ^pH^^kY^'p . (2.67) 
Finally, the last structure in (j2.27p yields 

2^''V„p = 2^''{Eap-\io,-,,^''p) = 2¥D,p+^H,,kpY'^'' . (2.68) 

Cohecting the term j^'^^^'j originating from ([2:65]) together with ^Mi), and ([2:68]) 

we infer that the double field theory action reproduces (j2.57p . Summarizing, we have shown 
that the M = 1 super symmetric double field theory reduces for 5* = to minimal M = 1 
supergravity in D = 10. 



3 Heterotic Supersymmetric Double Field Theory 

In this section we extend the above construction to the coupling of an arbitrary number n of 
abelian vector multiplets. For n = 16 this completes the construction of [9j by the fermionic or 
NS-R sector of heterotic superstring theory truncated to the Cartan subalgebra of Eg x Eg or 
50(32). We first review the extension of the frame formalism, in which the tangent space group 
is extended to 0(1,9 + n) x 0(1,9). Then we show that the same M = 1 double field theory 
action (|1.4p . but interpreted with respect to the enlarged frame and spinor fields, reduces to 
M = 1 supergravity coupled to n vector multiplets upon setting the extra derivatives to zero. 



3.1 M = 1 double field theory with local 0(1, 9 + n) x 0(1, 9) symmetry 



Let us begin by reviewing the double field theory formulation in presence of n abelian gauge 
vectors [9]. The generalized metric is extended to an O(10 + n, 10) group element, naturally 
encoding these additional fields. Correspondingly, there are 20 + n coordinates, 



= (Si, y", x') , Om = {d\ d^, di) , (3.1) 
transforming as an 0(10 + n, 10) vector, with indices that are raised and lowered with 



Vmn 







/O 


Vlio 



LlO 



In 







(3.2) 



We still impose the constraint r]^^'^ OmOn = 0, using the 0(10 + n, 10) invariant metric 
It implies that one can always rotate into a frame in which = da = 0. 
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Next, we can introduce an enlarged frame field as in (jl.2p . but now with indices a,b,. . . 
taking 10 + n values and with the upper-left block of fjAB being 

- - {t 4) ■ 

Here and in the following we split flat indices as 

A = {a , a) = {a, a, a) , a = 0, . . . , 9 , a = l,...,n. (3.4) 

The frame field is constrained by requiring that the tangent space metric Qab still satisfies 
(|2.6|) . which reads explicitly 



Gab = , Gab = Vgb, Qab = -^ab > = ' (3-5) 

We can then choose a gauge and parametrize the frame field as follows 



E ■ E 1^ B M = 

J-'ai J^a I ^j-^ 



V2A,^ I , (3.6) 

en 



where we defined Cjj = bij + ^Ai"Aja, and we freely raise and lower gauge group indices with 
the Kronecker delta 6ai3- 

All results of the frame formalism reviewed in sec. 12.11 extend directly to the present gener- 
alization. In particular, all statements about determined connection components can be readily 
applied. Moreover, the supersymmetric extension (I2.27P is well-defined for these extended fields 
in that the gamma matrices 7" and all spinor indices are still to be interpreted with respect to 
0(1,9). The check of supersymmetric invariance and closure of the supersymmetry transfor- 
mations immediately generalizes to the present case, as it is never used whether a takes 10 or 
10 + n values. Assuming the parametrization ()3.6p and setting (9* = 5q, = we compute the 
following connection components: 

^abc = ^abci^) + 2^abc , 



^abc 


= - i^lb-cie) 




^[abc] 


= -H5c-](e] 


- Q^abc) 


^ be 


^ p_ a 

V2 ' 


^ba — 



(3.7) 



where 



, — ^ Z?- 



Habc = 3ea*efc^ec''(%6jfe] - A[i°5j.4fc]^) . 



(3.8) 



Thus, we obtained the abelian field strength of the gauge fields Af and the required Chern- 
Simons modification of the field strength H. 
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3.2 Reduction to J\f = 1 Supergravity with n vector multiplets 



We will now show that the J\f = 1 double field theory action with tangent space symmetry 
0(1, 9 + n) X 0(1, 9) reproduces standard M = 1 supergravity with n abelian vector multiplets 
upon setting = da = 0. Let us first recall M = 1 supergravity coupled to n vector multiplets 



(A°, x") , a = l,...,n 



The action is given by 



S 



1 

12' 



(3.9) 



(3.10) 



where Hij^ is the i?- field strength modified by the Chern-Simons 3-form, as in (13. Sh . This 
action is invariant under the supersymmetry transformations: 

W = ^e-7V^-^eAei^ 



eA , 6,Ai'^ = -e-7a" , 5.X° 



47 ^tj e 



<5,Vi = Die - l-fi{0cj))e + 7^(7^""^ - 95.S'"^)Ffc;^e , 
8 9d 



(3.11) 



^,A 



48 



Next, we perform the same field redefinition (j2.56p as for the minimal theory. We obtain for 
the action 



Sf 



1 



1 



1 



and the supersymmetry transformations are given by 



(3.12) 









= Di{Qj)e , 






= ^"7[.^i] + 


1_ 

^^[iXA,] 






5,d 


1 


5^p = 


YAe - ^i?iifc7*^'e - (^ 


^0)e 




1- a 

= ^mx 


, 5.x° = 


- 47 e • 





(3.13) 
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Let us now verify that the above action and super symmetry rules are reproduced by su- 
persymmetric double field theory for = da = 0. Here, our discussion will be a little briefer 
than above because it suffices to focus on the new structures involving the gauge vectors and 
gauginos. It turns out that the comparison requires the identification 



{^^, = {ej^i, j^Xa) , (3.14) 



i.e., the gauginos are naturally identified with the additional components of the 'gravitino'. 

We start with the supersymmetry transformations. The gaugino variation d^x" can be 
obtained by considering 

<5,*„ = -^5,xa = V„e = (^V2Ejd,e-^u;^i,^''e^ = -^F-,,^^''e , (3.15) 

where we used (j3.7p and = for the gauge choice ()3.6p . We read off 

SeX^ = -^i^5c--7''e . (3.16) 

Comparison with ()3.13p shows that we obtained the expected supersymmetry variation. For 
the supersymmetry variations of the vielbein e,", the 6-field and the gauge vectors we compute 
as in (j2.64p the variation of the gauge-fixed frame field (j3.6p 



^eE^b = ei'6,eia + ej5,eii-]^eJei^Mj - \ejei^ A^^5,Aj^a = -\^rh^a, (3.17) 

and 

a/2 1 

^eEal = —ei'5,Aia = -l^^^hXa. (3.18) 

Combining these two gives the required supersymmetry transformations (j3.13p . 

Let us now turn to the action and show that it produces the required x-dependent terms. 
For the first fermionic term in (jl.4p we obtain 



^ ^ " " " (3.19) 

= - \x^^DiXa + \x^Axa-xJ'Fj^^^, 

where we used in the first line that the last two terms are equal. The second fermionic term in 
the action (|1.4p does not give any x-dependent contribution. The third term reads 



2^^VaP = 4x-f-7^afc7'^1p = -]xal''F-,,^p, (3.20) 



V2 V r^'"" ;^ 4 



reproducing the required coupling in ()3.12p . Thus, we have shown that all new and in- 
dependent terms due to the coupling of vector multiplets are precisely reproduced by the ex- 
tended connections of the 0(1, 9 + n) x 0(1, 9) tangent space symmetry. 



16 



4 Conclusions 



In this paper we have constructed the M = 1 supersymmetric extension of double field theory 
for D = 10. This theory features two copies of the local Lorentz group as tangent space 
symmetries, under which the fermions naturally transform. Interestingly, the generalization 
to the coupling of n abelian vector multiplets amounts only to the extension of the T-duality 
group to 0(10 + n, 10) and, correspondingly, to the extension of the tangent space group to 
0(1, 9 + n) X 0(1, 9). The 'gravitino' thereby receives n additional components that can be 
identified with the gauginos. Apart from exhibiting a further 'unification' of the massless sector 
of heterotic superstring theory, this formulation provides a significant technical simplification 
of the effective action, as should be apparent by comparing (|3.10p with ()1.4p . Moreover, the 
proof of supersymmetric invariance (up to the higher order fermi terms) is much simpler than 
in the standard formulation, being essentially reduced to a two- line calculation in ()2.33p . 

On a technical level it is interesting to note that the connections emerging naturally in 
double field theory, uj^ = ± , have appeared in different contexts in string theory. For 
instance, they turn out to be very useful for constructing supersymmetric higher-derivative 
invariants [28], and it would be interesting to understand the significance of this relation. 

This work can be extended into many directions. First, the generalization to non-abelian 
vector multiplets is necessary in order to describe the full massless sector of the heterotic 
superstring. For the bosonic sector we described in [9] also the non-abelian generalization, but 
the formalism and physical interpretation is different. We hope to come back to this problem. 

Next, one should construct the J\f = 2 supersymmetric extension of the type II double field 
theory constructed in p^. The recent work [25] completes the corresponding construction in 
generalized geometry, but there are a few subtleties in double field theory that we hope to 
address and resolve in the near future. 

Finally, the recent results |13j on similar constructions for M-theory or 11-dimensional 
supergravity suggest that an analogous supersymmetric extension is possible there. Here we 
note that in [12] the supersymmetry variations of 11-dimensional supergravity (in a certain 
truncation to D = 7) have already been written in an -©7(7) and SU (8) covariant way, and it 
would be nice to show that the corresponding action is supersymmetric modulo a covariant 
constraint. 
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A Identities for the curvature tensors 



In this appendix we present some details of the derivation of the identities (j2.34p . We start 
with the second one, involving the Ricci tensor, and compute 



aef 



+ j~^u;-aJ E 



.fid 



(A.l) 



1 



aef 



Our strategy is now to work out the various powers 7^^^ of gamma matrices separately and 
to show that all except 7'^^-' cancel. The non-vanishing contribution will then be shown to 
be related to the Ricci tensor. To this end we use the following identities for the product of 
(antisymmetrized) gamma matrices 

(A.2) 
(A.3) 
(A.4) 
(A.5) 
(A.6) 

^[,-<5^r];], (A.7) 

where we recall that indices are raised and lowered with Q^j^ = —rjab- 
Let us now start the computation. First, the 7^^^ terms cancel: 

^^-a-ef^b-cn'^'^'' - l^^-a-ef^b-cn''~^'^ = • (A.8) 

Second, it is easy to see by inspection that there are no 7*^^^ terms. Next, collecting terms with 
7^^) we find 



7^75 


= 7^5 -^'^5, 




7"Sc- 


= 7^^ + 25[^-7^] , 




7""'^"7J 


= /S^-,--35[^,-7'^ 




7"Sc-J 


= /S,,- + 45[^[,7^],]- 








-6<^[^[j5^]7^ 


7"Nje-/ 


= ^'^Ss,-,^--9<5[^[,-7'^"l 





1 1 3 g 1 

T-^al^fecd + T^bW[jjgJ] + J^[ecd] ^ba - J^ecd^ab 



1 



Ea^bcd ~ Eb^[abd] ~ ^[ecd] ^ab"" " ^ecd ^ab 



acd 

7 e 



(A. 



where we inserted in the second line the solutions for the connections. Inserting now the explicit 
expressions for it is a straightforward though somewhat lengthy calculation to verify that 
this vanishes. It is again easy to see that there are no 7^^^ terms. So we finally have to work 
out the terms proportional to 7^^\ for which we find 



7^ [ {{E-aEb''')EM^ - {E,E-a^')EM^) Ec + UJab'E, - UJta^Es] € 
1 



^7 



TP C TP c i c d d c 

^c^ba — ^b^ca + UJdd ^cb — ^ba ^cd 



(A.IO) 
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The terms in the first fine vanish as a consequence of the torsion constraint (j2.1ip : Using 
Iabc = {EaEb^^)Ecm, the torsion constraint reads 



{fab - fba )Ec + ^ab^Ec - Ldba'^Ec = {^lab + '^'^[ab] )Ec 

where we used the strong constraint ()2.4p . Thus the final result is 

1 







(A.ll) 



^7 



IT? c IT? c I c a a 

^c^^ba — ^b^ca + ^da ^cb — ^ba 



cd 



(A.12) 



as claimed in (12.34p . 

Let us now turn to the second identity in (j2.34p involving the scalar curvature. We compute 



y.jff ) ( K - \u:,,ri''^ ) e - ( E, - ] e . 



..cd 



ab 



.fid 



1 

t 



(A.13) 



As above, we work out the various powers 7''^'' of gamma matrices separately, which here are 
non-trivial only for even p, and then show that only the scalar part survives. The 7*^^^ terms 
are easily seen to cancel. 



Y^^aeJ^bcdn' 



aefbcd 



1 

16 



^aef^bcdl 



bcdaef 



1 

16 



^aef^bcdl 



aefbcd 



. 



(A.14) 



We have verified that the 7^*^^ and 7^^^ structures cancel upon insertion of the explicit expressions 
for the determined connections, which is a rather lengthy computation that we do not display 
here. Let us finally turn to the scalar part (without gamma matrices). It reads 



E^Ea + ioJ"^Ei, + lOc!^"'Et 



1 r 
^+2 



Ea(^h + l^labc]^ - n^a (^bc + T^afec^ 



e. (A.15) 



The terms in the first square bracket vanish. To see this, we write it out and insert the 
determined connections. 



-V2{E^EA^')dM - V2{dMEb'')E' + 2{Ekd)E' - V2{dME-,^')E~' + 2{E-,d)E~' 



V2{E^EA^')dM - V2{dMEB^)E''^dN + 2{EBd)E'' 



(A.16) 







Here we used the strong constraint, which implies that EsdE^e = 0. Therefore, the only 
non- vanishing contribution is the second bracket in (lA.lSp . which is proportional to the scalar 
curvature (I2.22[) . We have thus shown 



(A.17) 



as claimed in (|2.34p . 
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